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Abstract 
Two-dimensional photonic crystals made of six air holes on a core-shell dielectric material has been proposed to 
study the newly emerged photonic quantum spin Hall insulator. Specifically, radii modification of the air holes 
and core-shell without breaking time-reversal (TR) symmetry are supported by the 𝐶଺ point group symmetry upon 
a proposed scheme. It is shown that multiple topological transitions from an ordinary insulator with zero spin 
Chern number (Cs) to a topological insulator with a non-zero Cs can be achieved by modifying the geometry of 
the photonic structure. Studying the two counter-propagating helical edge modes which have the opposite group 
velocities are of individual importance for various optical purposes like scattering-free waveguides protected to 
various defects, disorders and strong light-matter interactions. We show that topological edge states demonstrate 
slow light characteristics. The findings emphasize the fact that exploring topological phase transition can be 
applied as a unique approach for realizing light transport, robust energy transportation and slow light in integrated 
photonic circuits and devices. 
 
1. Introduction 
Topology which is mainly the mathematics conception, related to the extremely strong preserved features is 
constant under the incessant modification of the bodily entities. To be more illustrative, one may consider the 
number of grips on an irregular surface. Then the genus as a robust topological feature may not be modified when 
the surface undergoes a continuous modification [1]. Since the first discovery of the remarkable behaviors of 
graphene in electronic structures, the topological insulators (TIs) as a new type of material which behaves as 
conductor at their edges but insulator in the bulk form, have been intensively studied [2]. Indeed, we can consider 
the quantum Hall effect in electronics providing topologically preserved one-way edge modes robust against the 
disorder, defects and cavity through the structure boundaries associated with protecting the topological band-
gap. That feature is desired for various applications [3]. We can list different applications of TIs in numerous 
physical domains ranging from mechanics, acoustics, to microwaves [4]. 
Haldane and Raghu have extended the unusual Hall effect to the photonics field for the first time in the 
literature. Next, increasingly scientists concentrated on the photonic topological insulators (PTIs) by applying 
different types of photonic media especially photonic crystals (PCs) known as the semiconductor of 
electromagnetic waves. For example, different intriguing phenomena is realized in PTIs proposed by Wu and Hu 
in 2015 [5]. Indeed, if two PCs with the mutual band gap but different topological behavior are combined, then 
photonic edge modes which demonstrate topological features, emerge and propagate along the shared interface [6-
14]. Moreover, the topological electromagnetic edge states may be induced in photonic medium demonstrating 
magneto-optic behavior and breaking the time-reversal (TR) symmetry. Indeed, coupling the magnetic and electric 
waves induces the bi-anisotropic effect of the metamaterial PCs [15]. Many researchers have explored various 
applications of this typical feature in numerous theoretical and experimental photonic purposes [16-31]. 
Besides, the triangular lattice PCs which follow the TR symmetry have been considered for more 
experimental perspectives because of their simple structure suitable for fabrication in comparison with the TR 
symmetry broken medium. As a result, the usages of Berry phases in photonic bands can be tailored by topological 
photonic modes [32]. Indeed, PCs preserving 𝐶଺ point group symmetry are regarded as unique types of PTIs 
supporting a four-folded degeneracy at the double Dirac cone appearing in the dispersion diagram. The topological 
edge modes would be produced by the pseudo-spin modes at the Dirac cone. Besides, the valley Hall effect is 
announced in optics. Reducing the 𝐶଺ point group symmetry in the graphene-like structures, so lifting the single 
Dirac degeneracy, lead to appearing two individual valley vortex modes with different chirality and emerging 
topological edge waves at the joint interface of trivial and non-trivial topological lattices. Besides, the valley Hall 
phononic crystals supporting acoustic waves, protect strong unidirectional transportation. Although, the robust 
propagation is observed at TIs including cavity, disorder and sharp corners, it is not obvious that when they act as 
valley Hall phononic crystals. Indeed, there are basic similarities and differences between TIs and valley Hall 
phononic crystals which can be implemented to design delay line devices and acoustic antennas [33-36]. 
In our recent works, the 𝐶଺ point group symmetry is reduced to 𝐶ଷ one by implementing various modification on 
PC structure. Consequently, the double Dirac cone is lifted and two edge states at the band gap region are appeared 
which are robust and immune to scattering loss against numerous perturbations. It is illustrated that the topological 
Fano edge modes are emerged and preserved against the cavity and defects [37-39].  
2. Design and Analysis of Photonic Structure 
In this work, we theoretically propose a two-dimensional (2D) PCs for studying the topological phase transitions 
with TR invariance. Specifically, the structure with triangular-lattice 2D PC consists of core-shell dielectric 
materials connected by six air-holes. The schematic configuration of the studied structure is shown in Fig. 1. 
 
 
 
 
 
 
Fig 1. The schematic configuration of the triangular-lattice, 2D PC consists of core-shell dielectric materials (with 
the outer and inner radii Rଵ and  Rଶ and the dielectrics εଵ and εଶ = 1 respectively) connected by micro-holes. ?⃗?ଵ 
and ?⃗?ଶ indicate the lattice vectors. 
The lattice vectors are ?⃗?ଵ = (𝑎, 0) and ?⃗?ଶ = ቀ
௔
ଶ
, ௔√ଷ
ଶ
ቁ with the lattice constant 𝑎. Each hexagonal unit cell consists 
of core-shell dielectric materials (with outer and inner radii 𝑅ଵ and 𝑅ଶ and the dielectrics 𝜀ଵ and 𝜀ଶ = 1 
respectively) surrounded by micro-hole with radius 𝑟 preserving 𝐶଺ symmetry. The distance between the adjacent 
air holes 𝑅, is also equal to the distance between an air hole and the center of a unit cell. This structure protects  
𝑍ଶ PTIs.  Based on the double-Dirac cone (four-folded degeneracy) at the central point of the Brillion zone, Γ, the 
quantum spin Hall effect can be realized. Indeed, double Dirac cone can be found by tuning the radii 𝑅ଵ and 𝑅ଶ as 
well as 𝑅 and 𝑟 which lead to inducing the topological properties and providing the trivial and nontrivial 
topological photonic states. Four-folded degeneracy at the Γ point, composed of  two two-folded dipolar states 
(𝑝௫ , 𝑝௬) and quadrupole modes 𝑑௫௬/𝑑௫మି௬మ . The following pseudo-spin states can be defined based on the 
recognized dipolar and quadrupole states respectively, 
𝑝± =
௣ೣ±௜௣೤
√ଶ
,  𝑑± =
ௗೣమష೤మ±௜ௗೣ೤
√ଶ
 .                                                                                                                              (1) 
The TR operator, 𝑇 = 𝑈𝐾 = 1 protects the pseudospin degeneracy. By employing the 𝑘. 𝑝 perturbation theory, the 
topological invariant due to the band inversion can be realized. The effective Hamiltonian can be deduced by 
pronouncing the dispersion at the Γ point: 
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with 𝑘± = 𝑘௫ ± 𝑖𝑘௬ & 𝑀 =
ఌ೏ିఌ೛
ଶ
   is negative (positive) in the topological (trivial) phases, (𝜀௣, 𝜀ௗ represent the 
dipolar and quadrupolar states at the Γ point, respectively). Using the off-diagonal (diagonal) elements of the first 
(second) order perturbation term, 𝐴 (𝐵) can be defined. The sign of the B is characteristically negative. So we can 
derive the Chern numbers as [40 − 42]: 
𝐶± = ±1/2[𝑠𝑖𝑔𝑛(𝑀) + 𝑠𝑖𝑔𝑛(𝐵)].                                                                                                                            (3) 
Therefore, by tuning the radii 𝑅ଵ and 𝑅ଶ as well as 𝑅 and 𝑟, the trivial and nontrivial topological photonic crystals 
(TPC and NTPC) can be realized. To illustrate that claim, we prepare Fig. 2 showing the photonic band diagrams 
and eigen-modes in two PCs with different topological states. We use plane-wave expansion method implemented 
in the MIT Photonics Bands (MPB) [43] for calculating the band structures of the 2D PCs for the TM polarization 
(𝐻௫ , 𝐻௬ , 𝐸௭ ≠ 0) with the parameters: 𝜀ଵ = 10.2, 𝜀ଶ = 1, 𝑅ଵ = 0.5𝑎, 𝑅ଶ = 0.1𝑎, 𝑅 = 0.2𝑎 for two radii 𝑟 =
𝑦 
𝑧 
?⃗?ଵ  
?⃗?ଶ 𝑟 
𝑅 
𝑅ଶ  
𝑅ଵ  𝑥 
0.02𝑎 and 𝑟 = 0.08𝑎. Moreover, the dimensionless angular frequency  ఠ௔
ଶగ௖
  has been used where 𝑐 is the speed of 
the light in vacuum. As previously indicated there are doubly degenerated states for both the dipole, 𝑝± and the 
quadrupole, 𝑑± modes at the Γ point. Actually by tuning the recognized radii, these two modes will change their 
place leading to the band inversion and two kinds of photonic insulators, trivial and non-trivial (topological) phases 
may appear. In the case of 𝑟 =0.02a, the quadrupole modes are above the dipole modes at the Γ point which 
indicates normal band order (there is a small bandgap between orbitals 𝑝 and 𝑑 at the Γ point which is not easily 
seen at the photonic band structure), whereas in the case of  𝑟 = 0.08𝑎,  the quadrupole are below the dipole modes 
that is called parity-inversed band order indicating the topological characteristic of the PC. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2.  Dispersion diagram and eigen-modes for the TM polarization in 2D PCs with 𝜀ଵ = 10.2, 𝜀ଶ = 1.0, 𝑅ଵ =
0.5𝑎, 𝑅ଶ = 0.1𝑎, 𝑅 = 0.2𝑎 for (a) 𝑟 = 0.02𝑎 (Inset: Brillouin zone of triangular lattice), (b) 𝑟 = 0.08𝑎. The 
magnetic field, 𝐻௭ profile of the dipole and quadrupole modes at the Γ point. The quadrupole modes have higher 
energy than the dipole modes at the Γ point for (c) 𝑟 = 0.02𝑎. The quadrupole modes have lower energy than the 
dipole modes at the Γ point for (d) 𝑟 = 0.08𝑎. 
In addition to band inversion, one may see the double-Dirac cone where the 𝑝 and 𝑑 states become degenerate at 
the Γ point as shown in Fig. 3 for  𝑟 = 0.03𝑎. Actually the Dirac point as a kind of nodal point-where the different 
bands cross each other- is a critical point between trivial and non-trivial states. By applying parity/time 
modifications on the PC, we can reach to the trivial PC or topological band gap material, regarding to the distinct 
band gap perturbations [44]. 
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 Fig. 3. Double Dirac cones appear at the Γ point when the radius 𝑟 = 0.03𝑎. The other parameters are the same as 
in Fig. 2. 
It is possible to demonstrate that, more orbital states with lower energy (𝑠) to higher energy (𝑓) at the point Γ, 
appear at the band diagrams as presented in Fig. 4. These orbital modes are described at the Γ point for the 𝐶଺ 
symmetry [45]. In terms of the photonic bands, one can consider the Mie resonances resemble to the “atomic 
orbits”, as it plays the same role as the atomic orbits in electronic energy bands [32,46,47].  
 
                                                                                                           
 
 
 
 
 
 
 
 
 
 
Fig. 4. (a) The band diagram of the 2D PCs with Eigen-modes 𝑠, 𝑝, 𝑑 and 𝑓 for the radius 𝑟 = 0.25𝑎. (b) The 
profiles of eigenmodes 𝑠, 𝑝, 𝑑 and 𝑓 for the radius 𝑟 = 0.25𝑎. The other parameters are the same as in Fig. 2. 
By tuning the selected radii, the nodal points are appeared in the band diagram where the different bands cross 
each other. In Fig. 5, the triplet degeneracy between the double states 𝑝 and the singlet state 𝑓 is appeared which 
led to the quadratic dispersion relation in the band diagram. Similarity of the parity modes 𝑠 − 𝑑 (𝑓 − 𝑝) leads to 
a quadratic dispersion characteristic touching points of the 𝑠 and 𝑑 (𝑓 and 𝑝) bands while differences between the 
parity of  modes 𝑝 and 𝑠 (𝑓 and 𝑑) results in  𝑝 − 𝑠 (𝑓 − 𝑑) degeneracy yielding linear dispersion [48, 49]. Such 
a nodal point including a flat band and a cone can be considered as a Dirac-like cone.                                                                          
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Fig. 5. Dirac-like cone at the central point of the Brillion zone Γ due to the degeneracy between orbitals 𝑓and 𝑝, 
and other nodal points for the radius 𝑟 = 0.09𝑎.  The other parameters are as the same as in Fig. 2.  
In order to study the topological insulator behavior of PC, we choose the TPC with the appropriate parameters, 
𝑅ଵ = 0.35𝑎, 𝑅ଶ = 0.1𝑎, 𝑅 = 0.2𝑎, 𝑟 = 0.13𝑎. In this case, 𝑀 =
ఌ೏ିఌ೛
ଶ
> 0 and 𝐵 < 0 which results in 𝐶± = 0. 
However, the PC with the parameters 𝑅ଵ = 0.45𝑎, 𝑅ଶ = 0.1𝑎, 𝑅 = 0.2𝑎 and 𝑟 = 0.15𝑎, shows non-trivial 
bandgap. It is because (𝑀,𝐵) < 0, leading to 𝐶± = ±1.  
3. Edge modes propagations 
By considering a supercell of PTI which is infinite in one direction and composed of 17 and 6 topological and 
trivial unit cells in other directions, we study the helical edge states are appeared in the band structure diagram of 
the recognized system. It is clear that these two helical edge states are seen in the common photonic bandgap of 
two TPC & NTPC. These edge states (indicated with points A and B in the Fig. 6 (a)), have same frequency but 
opposite wave vectors. So they act as a Kramers pair and named as spin up (A) and spin down (B). To illustrate 
the unidirectional light propagation of the pseudo spin indicated edge states at the interface of the TPCs & NTPCs, 
we have designed an upper/lower system which occupied with the TPCs & NTPCs. The whole structure is 
surrounded by Perfectly Matching Layers (PMLs) in all sides to avoid reflecting electromagnetic waves into the 
simulation region. In order to study TM polarization, we consider an in-plane magnetic field of circular 
polarization for generating out of plane electric field of negative/positive angular momentum. To this aim we 
verify the helicity of the edge state by using  two magnetic dipole source with 90-degree phase shift between them 
at the location indicated by the yellow star to propagate 𝐸௭ at the interface along the direction +𝑥. We use 
Lumerical FDTD to perform the full wave simulation [50]. In order to check the robust transportation of the 
topological photonic edge state, we introduce specific defects including disorder and cavity into the system. As 
indicated in the Figs. 6(b)-(d), the edge states transport without noticeable back reflection, demonstrating robust 
unidirectional transport and topological protection along the straight interface, disorder and cavity respectively. 
The disorder perturbation is made by replacing two unit cells of TPC & NTPC which is shown in the yellow 
parallelogram and cavity is made by removing one-unit cell of the TPC shown in the yellow circle. The 
transmission of the edge state through the structures 6(b)-(d) are illustrated in the Fig. 6(e). We should note that in 
order to demonstrate the PTI light propagation investigated in time domain, we fixed lattice constant a=1000 nm 
and the corresponding frequency/wavelength region coinciding with the band diagram appears in the transmission 
window. 
For studying the pseudospin-dependent light transportation, we employ a cross-shaped beam splitter. This cross-
waveguide is separated to four subdivisions composed of TPCs & NTPCs. The labels from 1 to 4 indicate the input 
and output ports, respectively. Moving from port 1 to 2, as a straight waveguide, the NTPCs & TPCs are embedded 
in the right and left side exactly before the splitter region. After that, types of PCs are switching their positions 
immediately (NTPCs & TPCs on the left and right sides respectively) after the splitter region. As indicated in the 
Fig. 7(a), the light transport along the cross splitter depends on the spin of the source light. For example, the spin 
down edge state can support the right hand (clock-wise) transport propagating from port 1 to port 4. Indeed, the 
two edge states (pseudo-spin up and down) with opposite group velocities and rotations (right hand (clockwise)/left 
hand (counter-clockwise)) propagate in the opposite directions. This is a reminiscent of quantum spin Hall effect 
characterization. The simulated electric field transmission through the ports 1, 2, 3 and 4 are indicated in Fig. 7(b). 
Obviously, the light transmission from port 1 to port 2 is deeply suppressed. The splitter results for the transmission 
are overlapping with the unidirectional spin dependent light propagation in the PTIs.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. (a) Dispersion diagram of a PTI with a supercell which is infinite in one direction and composed of 17 and 
6 topological and trivial unit cells in other directions. The grey regions indicate the bulk photonic bands. Points A 
and B at the red ribbon-shaped represent the edge states. The edge mode back-scattering immune transport along 
the PTI (b) at straight interface, (c) including disorder and (d) against cavity, (e) transmission of the edge state for 
the structures given in (b)-(d). 
 
 
 
 
 
 
 
 
 
 
Fig. 7. (a) Clock-wise transportation of the edge states along the cross beam splitter including four ports 1-4, (b) 
transmission measured at ports 2, 3 and 4.  
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For studying the edge states transportation robustness against the defects, two kinds of disorders as well as two 
types of cavities are implemented into the cross waveguide splitter in Fig. 8 and Fig. 9, respectively. For making 
disorder type 1(2) or small (large) disorder, we replace one (two) unit-cells of TPC & NTPC along the straight 
interfaces. It can be found that the edge states pass through the defects keeping a high transmission through the 
port 1 to 4 rather than from the ports 1 to 2 or 1 to 3. Comparison between the transmission through the cross 
waveguide splitter not including the disorder and including the disorder 1 and 2, shows that it is almost not 
influenced by the presence of disorders as shown in Fig. 10 where different cases are collected at three output 
ports. 
 
 
 
 
 
 
 
 
 
Fig. 8. (a) Clock-wise transportation of the edge states along the cross beam splitter including disorders (indicated 
by the red ovals) (b) transmission measured at ports 2, 3 and 4.  
Cavity type 1(2) or small (big) can be created by removing one (two) unit-cells along the straight interfaces (Figs. 
11and 12). Again, high transmission of the edge states, from port 1 to 4 is detected. Besides, the transmission from 
port 1 to 2 is very low due to the clock-wise propagation of the edge state.    
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. (a) Clock-wise transportation of the edge states along the cross beam splitter including disorders (indicated 
by the red ovals) (b) transmission measured at ports 2, 3 and 4.  
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Fig. 10. Comparison between the transmission of the edge states for the PTI including straight interface, disorder 
1 and 2. 
Comparison between the transmission of the edge states for the small and large cavities are shows in Fig. 13. 
Hence, the robust light propagation is preserved through the topological cross waveguide. This novel topological 
PC, can be utilized for studying quantum characterization of classical modes. Besides, the established topological 
behaviors of light can be applied for the experimental applications. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 11. (a) Clock-wise transportation of the edge states along the cross beam splitter including cavities (b) 
transmission measured at ports 2, 3 and 4. 
 
 
 
 
 
 
 
 
 
 
Fig. 12. (a) Clock-wise transportation of the edge states along the cross beam splitter including cavities (b) 
transmission measured at ports 2, 3 and 4. 
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Fig. 13. Comparison between the transmission for the PTI including straight interface, cavity1 and 2. 
We have shown the reliability of the edge modes against different kinds of defects or perturbations. This aspect is 
important to guide light under the presence of deformations. It is also crucial to underpin the group velocity of 
topological light guided between trivial and non-trivial phases. The group index is computed by FDTD analysis. 
A set of delay times at specific propagation positions is collected as presented in Fig. 14. The calculated group 
velocity of the edge states, 𝑣௚ , and group index, 𝑛௚, are acquired as follows: 
𝑣௚ =
∆௑
∆௧
= 0.365 × 10଼(𝑚/𝑠);                                                                                                                              (4) 
𝑛௚ =
௖
௩೒
= 8.219 ;                                                                                                                                                   (5) 
 
 
 
 
 
 
  
 
Fig. 14. (a) Time signal evolution of the edge state through the PTI interface, (b) delay time of the edge state 
through the PTI interface measured at different positions, (c) the equivalent group index. 
The electric field variation in time domain through the straight PTI and PTI including a disorder are presented in 
Fig. 15. It can be found that, the edge state propagation through the disordered PTI has a delay time similar to the 
straight PTI. In addition, the edge mode propagates in the straight PTI with higher intensity in comparison with 
the disorder one. Besides, the transportation of edge wave packages become compressed in time domain in the 
case of disordered system.  
 
 
 
 
 
 
 
Fig. 15. (a) Time signal evolution of the edge state through the PTI interface for a long time duration, (b) time 
signal evolution of the edge state through the PTI including disorder for the same duration of time, (c) comparison 
between (a) and (b). 
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(a) (b) (c) 
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5. Conclusions 
In conclusion, we have designed a new 2D PC with a hexagonal unit-cell preserving 𝐶଺ symmetry and consists of 
six air holes on a core-shell dielectric material. By tuning the radii of the holes and core-shell and without breaking 
the TR symmetry, topological properties of the PC can be performed in which the orbital 𝑑  becomes higher than 
orbital 𝑝 in the band structure diagram. Moreover, studying the photonic behavior of the edge states for the 
topological PC shows that although there is very little backscattering along the entire paths, it exhibits topological 
protection against distinct defects, cavities and disorders. By designing a cross waveguide composed of TPCs and 
NTPCs, we found that the light transportation along the different interfaces, depends on the spin of the edge state 
and is almost back-scattering immune and unaffected due to the disorder and cavities. It is shown and edge modes 
depict slow light behavior with group index value of approximately 8.2. As a result, the proposed PTI can be 
implemented for studying the quantum properties of the classical beams in simple and complex photonic structures.     
 
Acknowledgment 
H. K. acknowledges partial support of the Turkish Academy of Sciences. 
References 
[1] A. B. Khanikaev and G. Shvets, “Two-dimensional topological photonics”, Nat. Photonics 11, 763–773 (2017).  
[2] F. Katmis, V. Lauter, F. S. Nogueira, B. A. Assaf, M. E. Jamer, P. Wei, B. Satpati, J. W. Freeland, I. Eremin, 
D. Heiman, P. Jarillo-Herrero, and J. S. Moodera, “A high-temperature ferromagnetic topological insulating phase 
by proximity coupling”, Nature 533, 513–516 (2016). 
[3] S. Barik, H. Miyake, W. DeGottardi, E. Waks, and M. Hafezi, “Two-dimensionally confined topological edge 
states in photonic crystals”, New J. Phys. 18, 113013 (2016). 
[4] Z. Yang, E. Lustig, G. Harari, Y. Plotnik, Y. Lumer, M. A. Bandres and M. Segev, “Mode-Locked topological 
insulator laser utilizing synthetic dimensions”, Phys. Rev. X 10, 011059 (2020). 
[5] M. Saba, S. Wong, M. Elman, “Nature of topological protection in photonic spin and valley Hall insulators”, 
S. S. Oh and O. Hess, Phys. Rev. B 101, 054307 (2020). 
[6] S. Mignuzzi, M. Mota, T. Coenen, Y. Li, A.P. Mihai, P.K. Petrov, R.F.M. Oulton, S.A Maier, R. Sapienza, 
“Angle-resolved cathode luminescence imaging spectroscopy (ARCIS)”, ACS Photon. 5, 1381 (2018). 
[7] F. Zangeneh-Nejad and R. Fleury, “Topological Fano resonances”, Phys. Rev. Lett 122, 014301 (2019). 
[8] F. D. M. Haldane, “Model for a quantum Hall effect without Landau levels: Condensed-matter realization 
of the "Parity Anomaly”, Phys. Rev. Lett. 61, 2015–2018 (1988). 
[9] D. R. Abujetas, N. V. Hoof, S. T. Huurne, J. G. Rivas and J. A. Sanchez-Gil, “Spectral and temporal evidence 
of robust photonic bound states in the continuum on terahertz metasurfaces”, Optica 6, 8 (2019). 
[10] F. D. M. Haldane & S. Raghu, “Possible realization of directional optical waveguides in photonic crystals 
with broken Time-Reversal symmetry”, Phys. Rev. Lett. 100, 013904 (2008). 
[11] S. Raghu, & F. D. M. Haldane, “Analogs of Quantum-Hall-effect edge states in photonic crystals”, Phys. 
Rev. A 78, 033834 (2008). 
[12] Z. Wang, Y. D. Chong, J. D. Joannopoulos & M. Soljacic, “Reflection-free one-way edge modes in a 
gyromagnetic photonic crystal”, Phys. Rev. Lett. 100, 01905 (2008). 
[13] L. M. Schoop, F. Pielnhofer, and B. V. Lotsch, “Chemical principles of topological semimetals chemistry of 
materials”, arXiv:1808.06619v1 (2018). 
[14] W. Wang, Y. Jin, W. Wang, B. Bonello, B. Djafari-Rouhani, and R. Fleury, “Robust Fano resonance in a 
topological mechanic beam”, Phys. Rev. B 101, 024101 (2020). 
[15] L. Lu, J.D. Joannopoulos, and M. Soljačić, “Topological photonics”, Nat. Photonics 8, 821 (2014). 
[16] L. Lu, C. Fang, L. Fu, S. G. Johnson, J. D. Joannopoulos, and M. Soljacic, “Symmetry-protected topological 
photonic crystal in three dimensions”, Nat. Phys. 12 (4), 337–340 (2016).  
[17] P. Titum, N. H. Lindner, M. C. Rechtsman, and G. Refael, “Disorder-induced Floquet topological insulators”, 
Phys. Rev. Lett. 114 (5), 056801 (2015). 
[18] S. Longhi, D. Gatti, and G. D. Valle, “Robust light transport in non-Hermitian photonic lattices”, Sci. Rep. 5 
(1), 13376 (2015).  
[19] B. Xia , H. Fan, T. Liu, “Topologically protected edge states of phoxonic crystals”,  International Journal of 
Mechanical Sciences 155, 197-205 (2019).  
[20] Z. Xu, X. Kong, R. J. Davis, D. Bisharat, Y. Zhou, X. Yin, and D. F. Sievenpiper, “Topological valley 
transport under long-range deformations”, Phys. Rev. Research 2, 013209 (2020). 
[21] A. Kormanyos, V. Zolyomi, N. D. Drummond, Peter Rakyta, G. Burkard, and V. I. Falko, “Monolayer MoS2: 
trigonal warping, Γ-valley, and spin-orbit coupling effects”, arXiv:1304.4084 [cond-mat.mes-hall] (2013). 
[22] X. Ni, D. Purtseladze, et. al, “Spin- and valley-polarized one-way Klein tunneling in photonic topological 
insulators”, Sci. Adv. 4 (2018). 
[23] T. Ma and G. Shvets, “All-Si Valley-Hall photonic topological insulator”, New J. Phys. 1 (2), 025012 (2016). 
[24] T. Ma, A. B. Khanikaev, S. H. Mousavi, and G. Shvets, “Guiding electromagnetic waves around sharp 
corners: Topologically Protected Photonic Transport in Metawaveguides”, Phys. Rev. Lett. 114 (12), 127401 
(2015).  
[25] X. D. Chen, F. L. Zhao, M. Chen, and J. W. Dong, “Valley-contrasting physics in all-dielectric photonic 
crystals: Orbital angular momentum and topological propagation”, Phys.  Rev. B 96, 020202 (R) (2017).  
[26] M. I. Shalaev, W. Walasik, A. Tsukernik, Y. Xu,  and N. M. Litchinitser,“Robust topologically protected 
transport in photonic crystals at telecommunication wavelengths”, Nature Nanotechnology 14, 31–34 (2019). 
[27] K. F. Mak et al., “The valley Hall effect in MoS2 transistors”, Science 344, 1489 (2014). 
[28] V. Yannopapas, “Dirac points, topological edge modes and nonreciprocal transmission in one-dimensional 
Metamaterial-based coupled-cavity arrays”, Int. J. Mod. Phys. B 28 (02), 1441006 (2014).  
[29] W. J. Chen, S. J. Jiang, X. D. Chen, B. Zhu, L. Zhou, J. W. Dong, and C. T. Chan, “Experimental realization 
of photonic topological insulator in a uniaxial Metacrystal waveguide”, Nat. Commun. 5, 6782 (2014).  
[30] A. Slobozhanyuk, S. H. Mousavi, X. Ni, D. Smirnova, Y. S. Kivshar, and A. B. Khanikaev, “Three-
dimensional all-dielectric photonic topological insulator”, Nat. Photonics 11 (2), 130–136 (2016).  
[31] P. D. Anderson and G. Subramania, “Unidirectional edge states in topological honeycomb-lattice membrane 
photonic crystals”, Opt. Express 25, 23293, No. 19 (2017).  
[32] M. Hafezi, S. Mittal, J. Fan, A. Migdall, and J. M. Taylor, “Imaging topological edge states in silicon 
photonics”, Nat. Photonics 7 (12), 1001–1005 (2013). 
[33] Y. Deng, M. Lu and Y. Jing, “A comparison study between acoustic topological states based on valley Hall 
and quantum spin Hall effects”, The Journal of the Acoustical Society of America 146, 721 (2019). 
[34] Z. Zhang, Y. Tian, Y. Cheng, Q. Wei, X. Liu and J. Christensen, “Topological Acoustic Delay Line”, Phys. 
Rev Applied. 9, 034032 (2018).  
[35] Q. Chen, L. Zhang, M. He, Z. Wang, X.  Lin, F. Gao, Y. Yang, B. Zhang and H. Chen, “Valley‐Hall photonic 
topological insulators with dual‐band kink states”, Adv. Optical Mater 7, 1900036 (2019). 
[36] A. Darabi and M. J. Leam, “Tunable nonlinear topological insulator for acoustic waves”, Phys. Rev. Applied 
12, 044030 (2019). 
[37] J. Hajivandi and H. Kurt, “Topological photonic states and directional emission of the light exiting from the 
photonic topological structure composed of two dimensional honeycomb photonic crystals with different point 
group symmetries”, arXiv:2002.11979 [physics.app-ph] (2020). 
[38] J. Hajivandi and H. Kurt, “All-dielectric two-dimensional modified honeycomb lattices for topological 
photonic insulator and various light manipulation examples in waveguide, cavity and resonator”, 
arXiv:2002.00588 [physics.app-ph] (2020). 
[39] J. Hajivandi, E. Kaya and H. Kurt, “Stimulating topologically robustness of Fano resonance in rotated 
Honeycomb photonic crystals”, arXiv:2003.07253 [physics.app-ph] (2020). 
[40] L. Xu, H. X. Wang, Y. D. Xu, H. Y. Chen, and J. H. Jiang, “Accidental degeneracy in photonic bands and 
topological phase transitions in two-dimensional core-shell dielectric photonic crystals”, Opt. Express 24, 18059, 
16 (2016). 
[41] S. Y. Huo, J. J. Chen, L. Y. Feng, and H. B. Huang, “Pseudospins and topological edge states for fundamental 
antisymmetric Lamb modes in snowflake like phononic crystal slabs”, The Journal of the Acoustical Society of 
America 146, 729 (2019).  
[42] L. H. Wu and X. Hu, “Scheme for achieving a topological photonic crystal by using dielectric material”, Phys. 
Rev. Lett. 114, 223901 (2015). 
[43] S.G. Johnson and J.D. Joannopoulos, “Block-iterative frequency-domain methods for Maxwell’s equations 
in a plane wave basis”, Opt. Express 8, 173 (2001). 
[44] T. Ochiai and M. Onoda, “Photonic analog of graphene model and its extension: Dirac cone, symmetry, and 
edge states”, Phys. Rev. B 80, 155103 (2009). 
[45] K. Sakoda, “Double Dirac cones in triangular-lattice metamaterials”, Opt. Express 20, 3898 (2012); 20, 9925 
(2012). 
[46] E. Lidorikis, M. M. Sigalas, E. N. Economou, and C. M. Soukoulis, “Tight-Binding Parametrization for 
Photonic Band Gap Materials”, Phys. Rev. Lett. 81, 1405 (1998). 
[47] M. V. Rybin, D. S. Filonov, K. B. Samusev, P. A. Belov, Y. S. Kivshar, and M. F. Limonov, “Phase diagram 
for the transition from photonic crystals to dielectric metamaterials”, Nat. Commun. 6, 10102 (2015). 
[48] M. Barkeshli and X. L. Qi, “Topological response theory of doped topological insulators.”, Phys. Rev. Lett. 
107, 206602 (2011). 
[49] X. Zhu, H. X. Wang, C. Xu, Y. Lai, J. H. Jiang, and S. John, “Facile way to obtain multiple interface modes 
in a photonic crystal hetero-structure”, Phys. Rev. B 97, 085148 (2018). 
[50] Lumerical Inc. http://www.lumerical.com/tcad-products/fdtd/ 
 
